Abstract. In this note we give a structure theorem for a finite-dimensional subgroup of the automorphism group of a compact symplectic manifold. An application of this result is a simpler and more transparent proof of the classification of compact homogeneous spaces with invariant symplectic structures. We also give another proof of the classification from the general theory of compact homogeneous spaces which leads us to a splitting conjecture on compact homogeneous spaces with symplectic structures (which are not necessary invariant under the group action) that makes the classification of this kind of manifold possible.
Introduction
A symplectic manifold is a smooth 2n-dimensional manifold M equipped with a closed 2-form which is nondegenerate everywhere. Recently there has been much progress in the area of symplectic manifolds and group actions. I am concerned with the classical problem of classifying compact homogeneous spaces with symplectic structures.
If a symplectic structure is invariant under an action of a transitive Lie group, one difficulty is that nothing is known about the transitive group and the isotropy group (cf. [3] , [4] , [19] ). In the Kähler case we know that the isometric group is compact. In this paper we prove following theorem:
Theorem. Every finite-dimensional Lie subgroup of the automorphism group of a compact symplectic manifold is locally a product of a compact semisimple group and a 2-step solvable group R. Moreover, the adjoint representation of R on R is a subgroup of a compact torus.
An application of this result is a simpler, more transparent and also more prospective proof of the classification of the compact homogeneous manifolds with invariant symplectic structures.
I am also interested in the structure of compact homogeneous manifolds with symplectic structures that are not necessarily invariant under the group action.
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In [12] , [13] we proved the following theorem: Proposition 1. Every compact homogeneous complex manifold with a 2-cohomology class ω such that ω n is not zero in the top cohomology is a product of a rational homogeneous space and a complex parallelizable solv-manifold with a right invariant symplectic structure on its universal covering.
This generalizes the result of [2] for the Kähler case (one does not assume that the Kähler form is invariant).
These results suggest further study in two directions along the lines of Proposition 1. One is the classification of compact complex homogeneous space; the other is the classification of compact homogeneous space with a symplectic structure. The first problem can be solved by the method used in [14] , [18] . In [14] we proved that every compact complex homogeneous space with an invariant volume is a torus bundle over a product of a rational homogeneous space and a complex parallelizable manifold, and in [18] we classified compact complex homogeneous spaces of 1-step. In the present paper we are also working in the direction of the second problem. This is quite analogous to the results in [12] , [13] . In the case of the existence of a symplectic structure which is invariant under the action of a transitive Lie group, one has from [24] :
Proposition 2. Every compact homogeneous space with an invariant symplectic structure is a product of a rational homogeneous space and a torus with invariant symplectic structures.
In this classification, the tori which occur are not necessarily standard. Not knowing about [24] we reproved this same result in [16] , [17] . The following conjecture arises naturally from our arguments for the proof of the above proposition:
Conjecture.
If G/H is a compact homogeneous space with a symplectic structure, then G/H is diffeomorphic to a product of a rational homogeneous space and a finite quotient of a compact locally flat parallelizable manifold with a symplectic structure.
We call a manifold N locally flat parallelizable if N = G/H for a simply connected Lie group G which is diffeomorphic to R k for some integer k and H is a uniform discrete subgroup.
In our future work we will attempt to prove this conjecture and to classify the compact locally flat parallelizable manifolds with a symplectic structure.
When I wrote [16] and [17] in 1997 I was unaware of Zwart and Boothby's paper [24] . Our proof follows the line of the section 3-we proved the diffeomorphism in [16] , then the symplectic isomorphism in [17] . Motivated by our methods in [16] we obtained our Theorem in 1997, which also gave a much simpler proof of Proposition 2. Altogether we have three proofs.
I recently became aware of [24] and although it includes the results in [16] and [17] , the proofs are completely different. I still think that it is worthy of publishing our original proof of the above proposition so as to provide the motivation for our Conjecture and to show the relationship to the general compact homogeneous manifold theory.
Our original proof of Proposition 2 is based on the recent results of Gorbatsevich [7] , [8] , [9] , [10] which should lead to more applications to the classifications of homogeneous spaces. Combining Gorbatsevich's results with moment map arguments (see [19] ) in section 3 we first obtained the splitting of the double normalizer fibration [7] and then we applied Gorbatsevich's modification [10] and an earlier version of our Theorem to obtain the differential structure of the solvable compact symplectic manifolds. The symplectic structure could be obtained by completely integrable systems which we omit here. Therefore, our proof is more geometric. The proof of [24] is more algebraic, since they studied the group fixing the given 2-form in the adjoint action H in [24] and applied the representation theory of unipotent groups.
One 2. The proof of our Theorem 2.1. Preliminaries. Let (M, ω) be a symplectic manifold and let G be a Lie group of symplectic diffeomorphisms of M , i.e., a smooth action
Let Ham loc (M ) be the set of smooth vector fields X on M such that L X ω = 0. We have the following sequence:
where i realizes the real numbers as constant functions, the skew-gradient sgrad(f ) is a vector field X f such that
and α is the natural Lie algebra homomorphism arising from the G-action. The associated Lie algebra structure
It follows that sgrad:
is a Lie algebra homomorphism, and we are confronted with a lifting question: Does there exist a Lie morphism
If such a lifting exists, we refer to the G-action as a Poisson action (with regard to the lifting). In this case the G-equivariant dual map
is called the moment map. If every G-field is the skew-gradient of some function, i.e., if for every ξ ∈ G the associated vector field is of the form ξ M = sgrad(f ξ ), then the G-action is called a Hamiltonian action (our definition is different from the one in [11] ).
The following is a list of elementary observations in the above setting (see [11] ):
(1) Let G be the commutator of G. Then the G -action is Hamiltonian, and if G is a semisimple group, then it induces a Poisson action (see also [11, p. 185] ).
(2) Suppose that ξ ∈ G can be lifted. Then
⊥ is the skew-orthogonal complement to the tangent space of the G-orbit G(x).
(1), (2) and (3) come from the properties of the Poisson bracket. If M is compact, we might use 
Proof. It is known that the exact Hamiltonian group of M is generated by functions h with M hω n = 0. All these kind of functions consist of an infinite-dimensional Lie algebra since
This metric is invariant since
For a further application of this section, we also list the following property: (4) If G is as in (3) and G(x) = G/H is a generic orbit with moment fibering
2.2. The proof of our Theorem. Now we are ready to prove our Theorem: Since G is a subgroup of the exact Hamiltonian group, there is an invariant inner product (f, g) on its Lie algebra. Moreover, G acts on the Lie algebra of G and keeps the inner product invariant. The adjoint group of G on G is a subgroup of a compact group and it splits locally into a product of its compact semisimple part and the abelian part. So G is locally a product of a compact semisimple group and a solvable 2-step Lie group R and the adjoint action of R on R is a subgroup of a torus.
On the classification of compact homogeneous manifolds
with invariant symplectic structures 3.1. Preliminaries.
Some special manifolds.
A rational homogeneous manifold Q is a compact complex manifold which can be realized as a closed orbit of a linear algebraic group in some projective space. Equivalently, Q = S/P , where S is a complex semisimple Lie group and P a parabolic subgroup, i.e., a subgroup of S which contains a maximal connected solvable subgroup (Borel group). Every homogeneous rational manifold is simply-connected and is therefore an orbit of a compact group. In general, a quotient K/L with K compact and semisimple carries a K-invariant complex structure which is projective algebraic if and only if L is the centralizer
C(T ) of a torus T ⊂ K.
A parallelizable manifold is the quotient of a Lie group by a discrete subgroup.
A solv-manifold is a homogeneous space with a solvable Lie group. In our research we are interested in locally flat parallelizable manifolds in the sense that the Lie group is locally flat , i.e., its universal covering is diffeomorphism to R k for some integer k. By the classification of the Lie group, we see that a Lie group G is locally flat if and only if its semisimple part is locally isomorphic to a product of SL(2, R)'s.
Simply connected Lie groups.
In this subsection we recall some basic results about simply connected Lie groups (see [22] ). First, any simply connected Lie group has a Levi decomposition G = SR with S a semisimple subgroup, R a simply connected maximal solvable normal subgroup and S ∩ R = {e}.
A connected closed subgroup U ⊂ G is said to be a k-subgroup if the manifold G/U is compact. Let G be the Lie algebra of G, and let IntG be the Lie group of its inner automorphisms. A subalgebra U ⊂ G is said to be compact in G if the connected subgroup in IntG corresponding to the subalgebra Ad G U ⊂ AdG is compact. A subalgebra H ⊂ G is said to be a k-subalgebra if there exists a subalgebra U which is compact in G, such that G = U + H.
Let G be a semisimple Lie algebra, let U be a maximal compact subalgebra in G, and let G = U + P be the Cartan decomposition. Let θ denote an involutive automorphism of G which is given by the formula θ(x + y) = x − y, where x ∈ U, y ∈ P. Let H − be a maximal abelian subalgebra in P and let H = H + + H − be a Cartan subalgebra in G which contains H − and H + ⊂ U. We consider the complexification G C of G and let us denote by σ the corresponding conjugation in
The roots of Σ are real in the subspace
If α ∈ Σ, then σ * α is also a root, and 
C is a complex envelope of N . A so-called Iwasawa decomposition holds; namely:
If we set β =σα, then we have an involutionσ of system Π 1 .
An algebra G is said to be normal if H − = H. In this case Σ 1 = Σ andσ = 1. It is clear that in every complex semisimple Lie algebra there exists exactly one (up to conjugacy) normal real form.
We find it convenient to write a real semisimple Lie algebra G by means of its Satake scheme. This scheme is constructed as follows. We take the Dynkin diagram of G C ; that is, the diagram of the system Π. The circles which correspond to elements which belong to Π 0 are blackened; those belonging to Π 1 are left white. In addition, in Π 1 by means of arrows we show pairs of roots which are permuted by the involutionσ.
We call a subgroup
where H − N is a maximal triangular subgroup of the semisimple part of G and N R is the maximal nilpotent normal subgroup in R. To describe a t-subgroup it is sufficient to describe its intersection with the semisimple part of G.
Using above terminology, let us describe the well-known method for the construction of t-subalgebras in a semisimple Lie algebra G. Let Γ ⊂ Π 1 be some subset which is invariant relative toσ. Let us denote by Σ the system of roots which can be linearly expressed by the system Π 0 ∪ Γ and by Σ a system of all roots which cannot be expressed linearly by Π 0 ∪ Γ. It is clear that Σ and Σ are closed systems. In what follows, it is convenient to study an element x Γ ∈ H which is defined by the formulas
Clearly, such an element exists and is uniquely determined. We will show that x Γ ∈ H − . In order to do this, one must verify that
. Similarly we verify it for α ∈ Π 1 \Γ.
We notice that Σ = {α ∈ Σ, α(x Γ ) = 0}, Σ + = {α ∈ Σ, α(x Γ ) > 0}. Because 
Let C Γ denote the subspace in H which is annihilated by all roots in Π 0 ∪ Γ or, what comes to the same thing, in Σ , it is the center of Z Γ . Also,
with M a subalgebra of M Γ a standard t-subalgebra. Thus:
Proposition 3. Every t-subalgebra of a semisimple Lie algebra G is a standard tsubalgebra. Moreover, the normalizer of T in G is
P (M) + Z Γ + N Γ , where P (M) is the normalizer of M in M Γ .
Generalization of Tits fibrations.
In this subsection we recall some basic results on a generalization of the Tits fibration to compact homogeneous spaces, introduced by V. V. Gorbatsevich [7] which coincides with a fibration considered by Tits [23] in the case of compact complex homogeneous spaces. We call it the double normalizer fibration as in [7] or the Gorbatsevich fibration. 
If G is a complex Lie group and H ⊂ G is a closed complex subgroup, then we have the normalizer fibration G/H → G/P (H) and P k (H) = P (H). Let G and H denote the Lie algebras of G and H, respectively. The base space G/N is realized as the Ad(G)-orbit of the subspace H in the Grassmann manifold of subspaces of G that have the same dimension as that of H. Also, G/P (H) is a rational homogeneous manifold and P (H)/H is a compact parallelizable homogeneous manifold.
Foliation with maximal compact subgroup.
In this subsection we will recall the foliation fibering induced by the action of the maximal compact subgroup of G.
This was considered by V. V. Gorbatsevich in [8] . He proved following structure theorem: 
Koszul algebras.
In the rest of this paper we will frequently use arguments on the Lie algebra level.
First we recall the following result due to Koszul [21] :
Proposition 6. Let G be a real Lie group and let H be a closed subgroup. Then G/H admits a G-invariant symplectic structure if and only if there exist a 2-form ρ on G which satisfies following conditions for all x, y, z ∈ G and h ∈ H: ρ([x, y], z) + ρ([y, z], x) + ρ([z, x], y) = 0, ρ(Adh(x), Adh(y)) = ρ(x, y).
3.1.6. Mal'cev splitting. Here we collect some results we need from the splitting theory of the Lie group (see [9] ). Let G = SR be a Levi decomposition of a semisimple Lie group. We call G a splittable Lie group if R = T U with T ∩ U = {e} such that T acts semisimply and U acts unipotently on the Lie algebra G.
We call a Lie group embedding α : G → M (G) from G to a splittable simply connected Lie group M (G) = T · S · U a Mal'cev splitting or M-splitting if α(G) is a normal subgroup of M (G) and M (G) is a semidirect product of T and α(G), and α(G)·U = M (G).

Proposition 7. For any simply connected Lie group G there is a unique Mal'cev splitting.
The Mal'cev splitting can be constructed as follows: Let G = S · R be the Levi decomposition of a connected simply connected Lie group G. Consider the adjoint representation Ad G : 
Here we would like to give a very simple example: 
3.1.7. Modifications. The Gorbatsevich modification for a compact homogeneous space was first used in [10] . Similar construction can be found in the study of homogeneous Kähler manifolds, e.g., [5] , [6] . Let M = G/H be a compact homogeneous space of a simply connected Lie group G. We let
Since the subgroup H 0 * is connected, then its normalizer is a prealgebraic group, i.e., the identity component of an algebraic group. Hence the group π 0 (P * ) is finite. Passing from H to the subgroup
is the natural epimorphism, we might assume that H * ⊂ P 0 * by considering a finite covering M of M . This inclusion will be assumed to hold in what follows.
Consider the natural epimorphism γ :
is the same as in [10] but different from the one in [9] where W l = S/l(S) · U ) and T * is a prealgebraic torus; (G) ; so is the Lie group P * , therefore γ(P * ) is a closed subgroup of A. But H * ⊂ P * , so H * /H * ∩ W l ⊂ γ(P * ) and hence A 1 ⊂ γ(P * ), i.e., A 1 ⊂ γ(P 0 * ) by our convention. The group γ(P 0 * ) is connected and Abelian and hence γ(P 0 * ) = K × V , where K is a maximal compact subgroup of γ(P 0 * ) (which is a torus), and V is simply connected. Since A 1 is closed in A and torsion free, A 1 ∩K = {e}. Hence the projection K × V → V onto the second direct factor on A 1 is a monomorphism. Now it follows from this that there exists a closed simply connected subgroup C ⊂ γ(P 0 * ), such that A 1 ⊂ C and A 1 is uniform in C (we notice that C is not always in B). We set Φ l = γ −1 (C). Then Φ l is a closed connected subgroup of A l (G). To it corresponds a closed connected subgroup Φ of A(G).
With this construction at hand, V. V. Gorbatsevich proved in [10] the following theorem:
Proposition 9. Let M = G/H be a compact homogeneous space of a simply connected Lie group G. Then there exists a subgroup H of finite index in H and a subgroup Φ of A(G), such that:
(1) Φ is a connected, simply connected, closed subgroup of
are not generally isomorphic), 
(S) has a finite number of connected components.
Here we also test this construction with a simple example that G is the same as the example in last subsection and H is in the kernel of Ad| N such that H ⊂ N and does not contain any ideal of
This modification turns out to be very useful in our classification.
3.2. Theorem 1. Let (G/H, ω) be a compact homogeneous space with an invariant symplectic structure. Then the double normalizer bundle is a product of a rational homogeneous space and a solv-manifold with an invariant symplectic structure.
Proof. Assume that G is simply connected. Then the maximal compact subgroup K is semisimple. Therefore K is Poisson. By Proposition 5 and (4) of section 2.1 we get that every K orbit is, up to a finite covering, a same torus bundle over a rational homogeneous space Q = K/J which is induced by the moment map K/K ∩ H → K/J. In particular, if ξ ∈ J (the Lie algebra of J) and if T is the closure of the 1-parameter group exp tξ in J, then
Now let T be a maximal torus in J. We see that one of the K orbit must be Q since no other homogeneous space of this type can be locally isomorphic to Q (the isotropy group J is connected and is the normalizer of itself). So all the K orbits are isomorphic to Q. For any K orbit there is only one point on it with isotropy group J. So we get a section s of the compact foliation, i.e., M is a product of Q and s. Now we see that s is a symplectic reduction of the moment map and therefore s is a symplectic manifold with the induced symplectic structure. From the normalizer of J being itself, i.e., J = K ∩ H = K ∩ P 2 (H), we see that the double normalizer fibration (see (4) of Proposition 4) has Q as the base and s as a fiber and s itself is a compact homogeneous space with an invariant symplectic structure. We have s = P 2 (H)/H as a fiber of the double normalizer fibration. By P (H) being a t-subgroup in G we see that all the semisimple factors of P 2 (H) are in P (H). If a simple factor S 1 of P (H) is not in H it acts almost freely on s, i.e., only elements in its center may have fixed points. Then since S 1 is Poisson, every element in its Lie algebra has fixed points, a contradiction. We see that all the semisimple factors must be in H, i.e., the radical of P 2 (H) acts on s transitively. So we get that s is a solv-manifold with an invariant symplectic structure. Remark 1. (1) In our proof above we had to use the structure of the double normalizer fibration and t-subalgbra in Propositions 3 and 4 to prove that the moment map is actually equivariant.
(2) An easy calculation can show that the Levi decomposition is actually a product. We first proved this in [17] , and later found that this is a conclusion of our Theorem. See also [24] .
Compact solv-manifolds with invariant symplectic structures.
Here we shall deal with the second factor in Theorem 1.
Lemma 2. Every compact solv-manifold with an invariant symplectic structure is a two-step solv-manifold. Moreover, the orbits of the commutator are isotropic, and any element in the Lie algebra corresponding to the commutator is conjugate to an element in the Lie algebra of the isotropy group.
Proof. We consider the moment map introduced by N = [G, G] (see the sentence after (3) of section 2.1). The corresponding subgroup N is unipotent, in particular on N * , and each orbit in the image is compact, hence must be a point. We see that N/N ∩ H is abelian, [N , N ] ⊂ H as an ideal must be zero. Hence G is a two-step solvable group. Moreover, since the moment map is a constant on each commutator orbit, we see that df (X) = ω(X f , X) = 0 for all X f , X in the commutator, i.e., the commutator orbits are isotropic.
We also see that any element in the Lie algebra of the commutator corresponds to a function on the manifold, and hence has a zero point, i.e., this element is in the Lie algebra of the isotropy group at that point. So every element in the Lie algebra of the commutator is conjugate to an element in the Lie algebra of the isotropy group. From Lemma 3 it follows that H 1 is a Lie subalgebra; by modification we may assume that H 1 = 0. We also see that A 1 ⊂ P (H). By the last sentence of Lemma 1 and counting the dimension, P (H) = N + A 1 . Consider the G action on the Grassmanian G (G, H) of H in G. The orbit through H is exactly the base of the normalizer fibering. Being compact and with an abelian transitive group, it must be a torus with its action on itself. We can also regard it as an orbit in G (N , H) , and the action of G on it is an almost faithful representation of adjoint action AdG| N on N as the restriction of the adjoint action. In particular, we see that AdG acts on N as a compact group. To see this we notice that H (N + A 1 ) is an open and closed subgroup of P (H), hence is closed in G, i.e., G/H(N + A 1 ) is compact. We see that H(N + A 1 ) is cofinite in P (H). But H acts on N /H trivially since (A 2 , N /H) is a perfect pair to ρ and any invariant subspace of H on which H acts nontrivially must be an ideal of G, i.e., H is in the kernel of Ad| N . Now for a generic element in G, it does not have any eigenvector in N , otherwise this eigenvector will generate an ideal in H. Now we consider a minimal invariant subspace V of the linear transformation of A = ad(a) on G for an element a ∈ A 2 ; then either ad(a)| V = 0 or V ∩N = 0. In the latter case we must have V ⊂ N since the eigenvalues of ad(a)| V C are not zero, hence V has dimension 2 and ad(a) is semisimple. This implies that A 1 can be chosen to be an abelian ideal, and A 2 + N is another ideal. So we get: We will apply the Gorbatsevich modification (Proposition 9) to our case with some modification from section 3.1.7. Instead of P * = N A l (G) (H 0 * ) we consider P * ∩ D, where
Now we assume that
Then all the construction will go through, and basically we get same modification modulo a finite covering. In the case of the example in section 3.1.7 we see in particular that P 0 * = U acts trivially on N . Later on we will see that this is what exactly happens here. Hence, H is in the kernel of Ad| N . From the example in section 3.1.7 we have that in our case Φ is abelian and ρ(Ad(h)(t 1 + x), Ad(h)(t 2 + y)) = ρ(t 1 + x, t 2 + y). Applying Proposition 7 we see that Φ/H is also a compact homogeneous space with an invariant symplectic structure. Since Φ is abelian it is a torus. So we get:
Moreover if we defined
ρ(t 1 + x, t 2 + y) = ρ(x, y) on M (G),
Theorem 2. Every solvable compact homogeneous space with an invariant symplectic structure is a torus.
Remark 2. The actual symplectic torus structure was obtained in [17] by a completely integrable system. See also [24] for a very interesting version of the proof of Theorem 2.
Combining Theorems 1 and 2 we obtain Proposition 2.
3.4. Examples of nonstandard symplectic torus. In last section we obtained nonstandard symplectic tori in the case A 2 = 0 and H 2 = 0. Although they have standard tori as their modification, they themselves are not standard. The dimension of H 1 can be as big as possible, and so can the dimension of G. In this section we will give some simple examples which show that this situation does occur. Let C n be a complex vector space generated by vectors e 1 , · · · , e n with S 1 = {e iθ | θ∈ [0,2π] } action e iθ : e k → e kiθ e k . Regarding S 1 as a subgroup of the automorphism group of the abelian group C n we get a Lie group G = S 1 ∝ C n as a semiproduct. Let Z = (Z + iZ) n be the standard lattice in C n ,
and H = Z + H 0 . Then G/H is a nonstandard torus which occured in the last section, with a symplectic structure introduced by ρ in Proposition 7, such that ρ(s, x) = 1, ρ(s, h) = 0, ρ(x, h) = 0 for all h ∈ H, where s is a generator of the Lie algebra of S 1 , and x ∈ C n is an element such that Re(x 1 + · · · + x n ) = 1.
See also [24] for similar examples.
It is a very surprising fact to me that we can get a classification for compact homogeneous space with an invariant symplectic structure since the automorphism group of a compact symplectic manifold has infinite dimension. From any smooth function we can construct a one-parameter group which keeps the symplectic structure invariant. So we can see that the base manifold is always "homogeneous" under the symplectic automorphism group. But we see from our classification that a compact symplectic manifold that is homogeneous under a finite-dimensional Lie subgroup of the symplectic automorphism group is so different. Moreover, we seem to be able to classify a compact homogeneous space with a symplectic structure which is not necessarily invariant under the group action.
Using the nonstandard torus we can construct new examples of simply-connected compact symplectic manifolds as in [15] and [1] .
